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This report covers the work performed under NASA Grant NGR 09-015-096.
Computer programs have been developed for calculating the transfer function of a
retroreflector array. The transfer functions provide range corrections and effective
reflecting areas for the retroreflector arrays carried by satellites now in orbit.
This information can be used to estimate laser-echo signal strengths and to correct
laser range measurements in order to obtain the range to the center of mass of the
satellite. The values are tabulated for various angles of incidence of the laser beam
with respect to the symmetry axis of the satellite. Transfer functions have been
computed for the following:
BE-B (1964 64A) Magnetically stabilized
BE-C (1965 32A) Magnetically stabilized
Geos 1 (1965 89A) Gravity stabilized
D1C (1967 11A) Magnetically stabilized
DID (1967 14A) Magnetically stabilized
Geos 2 (1968 2A) Gravity stabilized
Peole (1970 109A) Gravity stabilized
Geos C Gravity stabilized





This report includes technical data on the geometry of the arrays carried by the
seven retroreflector satellites now in orbit; their transfer functions, which give
range corrections and effective reflecting areas; and a brief description of the method
used in the computer programs developed for doing the calculations.
Data on the Beacon and Geos retroreflector arrays were obtained from the
Applied Physics Laboratory of Johns Hopkins University, and those on the Peole and
Diademe satellites were supplied by M. Lefebvre of the Groupe de Recherches de
Ge'odesie Spatiale, Bretigny, France.
The major limitation on the accuracy with which transfer functions can be deter-
mined for the existing laser satellites is the lack of precise information on the beam
patterns of the cube corners in conjunction with the large size of the arrays.
2. RETROREFLECTOR ARRAYS
2. 1 Notation and Definitions
A retroreflector array is defined by specifying the geometry and optical param-
eters of the retroreflectors and the position and orientation of each reflector. The
origin of coordinates is the satellite's center of mass in the orbital configuration.
The z axis is parallel to the symmetry axis of the satellite. For gravity-stabilized
satellites, the z axis points toward the earth, while for magnetically stabilized satel-
lites, it points in the direction of the north-seeking end of the spacecraft. The
orientation of each corner cube is specified by the two angles 9 and (j>, which give
the direction of the normal to the front face of the reflector, and a third angle a,
which gives the rotation of the reflector about the normal to the front face. In
Figure 1, the x', y', z' coordinate system, in which the orientation of the corner
cube 0,<J> is specified, is parallel to the x, y, z coordinate system of the satellite.
In Figure 2, which shows the angle a, the (3 and y axes are in the direction of increas-
ing 0 and decreasing 4>, respectively; the plane is the front face of the reflector.
9
Figure 1.
_2. 2 Cube-Corner Specifications
Figure 2.
The retroreflectors carried by the seven laser satellites now in orbit are all
hexagonal fused-silica cube corners with reflective coatings applied to the back faces.
The satellites BE-B, BE-C, Geos 1, and Geos 2 have cube corners 2.49 cm across
flats and are 1.76 cm long from vertex to face. The full divergence angle is specified
as not exceeding 12 arcsec. The reflectors on D1C, DID, and Peole have a face cut
to a hexagon 18 mm on a side (3.12 cm across flats). The deviations D. between
the incident light and the six reflected beams are specified as being between 1 and
8 arcsec. In addition, the deviations must satisfy the condition
(8 - D.) < 30
2. 3 Geometry of Arrays
Table 1 gives the positions and orientations of the retroreflectors for each of
the seven satellites now in orbit. The first three numbers in each row are the panel,
row, and individual retroreflector indices. Following are the x, y, and z coordinates,
in meters, of the center of the front face of the reflector. The next three numbers
are the orientation angles 0, <j>, and a, in radians. Geos C has been omitted from this
table because no information on its center of mass is yet available. As this report
was being prepared, more precise information was received on the positions of the
retroreflectors carried by D1C, DID, and Peole. These data are contained in a note
received by M. Lefebvre dated November 14, 1972.
Table 1. Positions and orientations of the retroreflectors.
b B A C O N S A T E L L I T E S BE-B (1964 64 A) AND BE-C (1965 32 A)























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































BEACON ( C O N T . )












































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































GEOS-A (1965 89 A)
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DIADEME SATELLITES Dl-C (1967 11 A) AND Dl-D (1967 14 A)



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































GEOS-B (1968 2 A)
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GEOS-B ( C O N T . )











































































































































































































































































































































































































































































































































































































































































































































































































































































































































GEOS-B ( C O N T . )
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PECLE (1970 109 A)














































































































































































































































































































































































































3. METHOD OF COMPUTATION
The transfer function of an array of reflectors can be computed to varying levels
of accuracy and complexity, depending on how the physical situation is modeled
mathematically. The computer programs developed under this grant compute both
the incoherent and the coherent return signals from an array. Subroutines have been
written to calculate the active reflecting areas for any incidence angle of a retroreflec-
tor whose face is cut in the form of a circle, triangle, or even-sided polygon (such as
a hexagon). Other subroutines calculate the diffraction pattern for any incidence angle
of the various designs of reflector. These routines take into account changes in
amplitude, polarization, and phase at the front face and at the three back reflecting
faces, which may be either metalized or uncoated. The directions of the six rays
produced by dihedral-angle errors are computed and included in the diffraction cal-
culations.
The structures of certain satellites, such as the two Geos spacecraft and Peole,
can obscure some of the reflectors from the incident laser beam. A subroutine
checks each reflector to make sure it is visible before including it in the calculation.
When the position of each reflector along the line of sight to the observer is com-
puted, a correction is applied for the fact that the velocity of light is slower in a solid
reflector than in a vacuum. The effect is a function of the size, orientation, and
index of refraction of the cube corner.
Once the return signal has been constructed, the relationship of the centroid of
the signal to the satellite's center of mass can be determined and tabulated for use
as a range correction.
We intend to publish a complete description of the equations and computer programs
as an SAO Special Report, and we will forward copies to NASA.
33
4. RESULTS
4.1 Range Corrections and Effective Reflecting Areas
Table 2 gives information on reflecting areas and range (and width) corrections.
The active reflecting area is the sum of the contributions of all the reflectors. This
quantity is normalized such that one retroreflector illuminated at normal incidence
has a reflecting area of unity. The range correction depends on the type of transmit-
ting and detection system used. It therefore cannot be specified uniquely for a given
satellite. Two types of corrections are presented here. The first is the displacement
of the centroid of the return signal relative to the center of mass of the satellite; this
is shown as a one-way correction, in meters. The second is a correction for the
spreading of the pulse at the half-amplitude point of the return signal. The absolute
as well as the relative size of the spreading due to the array increases as the pulse
length decreases. The values are given for a 20-nsec, half-amplitude, full-width
incident pulse with a gaussian energy distribution as a function of time. The range
corrections are tabulated for the incoherent case, which is the mean of the coherent
values. For satellites not symmetrical about the principal axis, the corrections
given are the average over a selection of azimuths. No displacement of the centroid
of the pulse is shown for Geos C, since the center of gravity of the satellite is unknown
at this time. The increase in the range correction for Geos 2 beyond 54° incidence
angle is due to shadowing by the hemispherical antenna.
Beside the tabulated corrections in the tables is a computer graph; the implied
vertical axis is the incidence angle. For the reflecting area, the scale of the plot
has been chosen to fill 50 horizontal printer positions. The range and width correc-
tions are plotted at one horizontal print position per centimeter. The angle is meas-
ured from the symmetry axis (z axis) of the satellite.
35
Table 2. Active reflecting area and range and width corrections.



































































































































ONE REFLECTOR AT NORMAL INCIDENCE HAS A REFLECTING AREA OF UNITY
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Table 2. (Cont.)
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GEOS-A (1965 6Sr A)



























































ONE REFLECTOR AT NORMAL INCIDENCE HAS A REFLECTING OF ONITY
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Table 2. (Cont.)


























































































































D1-CI1967 11 A) AND Dl-D(1967 14 A)





























































































































ONE REFLECTOR AT NORMAL INCIDENCE HAS A REFLECTING AREA OF UNITY
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Table 2. (Cont.)
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(jEOS-B (1968 2 A)
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Table 2. (Cont.)









































































































































PEOLE (1970 109 A)






















































































































































































































































































































GEOS-C (TO BE LAUNCHEC IN 197*)















































ONE REFLECTOR AT NOKMAL INCIDENCE HAS A REFLECTING AREA OF UNITY
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Table 2. (Cont.)

















































4. 2 Influence of Optical Coherence
Table 3 presents the variations of the range corrections due to coherent inter-
ference of the signals from individual retroreflectors. The mean value of the
coherent range corrections is the incoherent value. The magnitude of these variations
decreases as pulse length decreases. Again, the values are given for a 20-nsec pulse.
The variations in signal strength have a nearly Rayleigh distribution as long as the
pulse is long compared to the spacing between reflectors and there are a large number
of reflectors. Variations in signal strength have not been presented, as they are
proportional to the mean energy.
Since it did not seem feasible to find an analytic method of computing the coherent
variations in the range correction, each value presented is the rms deviation of a
sample of 40 coherent returns. Because of the limited number of coherent returns
computed, these numbers should be considered approximate.
No complete analysis was done for Geos C, since final data for that satellite are
not available. However, coherent returns computed at angles of 30° and 60° from the
symmetry axes showed rms deviations of 0. 09 and 0.13 m, respectively, for the dis-
placement of the centroid of the return pulse. The computer graph is plotted at one
horizontal print position per centimeter. The angle is measured from the symmetry
axis (z axis) of the satellite.
4. 3 Accuracy of Results
The construction of the arrays carried by the present retroreflector satellites is
such that the reflectors contributing to the return signal have a spread in range from
the observer that is generally an appreciable fraction of a meter. The accuracy with
which the return signal can be computed depends on how well the positions of the
reflectors relative to the satellite's center of mass are known and on how precisely
the contribution to the signal from each reflector can be calculated. Generally, the
geometric configuration of the satellite and the location of the center of mass do not
present a significant problem. The effect of the uncertainty in the attitude of the
satellite can be estimated from the change of the range correction with respect to a
change in viewing angle.
48
Table 3. Coherent variations of range and width corrections.























































































































































































































GEOS-B (1968 2 A)









GEOS-B (1968 2 A)











PEOLE (1970 109 A)


























The biggest problem for the existing satellites is the lack of detailed information
on the cube corners. The specifications of the retroreflectors are such as to ensure
sufficient energy at the values of velocity aberration encountered, but the actual shape
of the pattern for each cube corner is generally unknown.
Since the total reflected energy from a retroreflector is proportional to the active
reflecting area, the latter has been used in calculating the contribution of each reflec-
tor to the transfer functions presented in this report. This is equivalent to assuming
that the diffraction patterns of all reflectors are identical. This assumption is
probably most reasonable for the two Geos satellites (1965 89A and 1968 2A) since the
arrays aboard these satellites all face the same direction and changes with aspect
angle of the diffraction patterns should be similar for all the reflectors.
To estimate the error due to assuming identical diffraction patterns for each
cube corner in an array, a matrix of range corrections was computed for the Peole
satellite by modeling the reflector as perfect except for a dihedral-angle error of
8 [orad. The range corrections (assuming a velocity aberration of 40 jjrad) were from
4 to 11 cm greater than those computed on the assumption of constant diffraction
patterns. The spread in range of the reflectors was 86 cm. Perhaps something on
the order of 10 cm would be a reasonable estimate of the largest errors in the trans-
fer functions computed. Some may be significantly more accurate than this, but the
only positive limitation on the errors occurs when the contributing reflectors have a
small spread in distance from the observer. As with the example above for Peole,
the range corrections computed on the basis of active reflecting area are probably
too small for all the satellites except Geos 1 and 2. The reason for this is that the
reflectors farther from the observer are generally being viewed at a more oblique
angle; therefore, they probably have a wider beam spread and should be weighted less
in the transfer function. A crude estimate of the systematic error for satellites
(except Geos) would be to assume it proportional to the random error due to coherent
interference, since both are a function of the spread in range of the active reflectors.
For the Peole example, the systematic error (about 10 cm) under the assumed con-
ditions is 20% of the random error (about 50 cm).
55
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